ON THE FUNCTIONS OF LITTLEWOOD-PALEY,
LUSIN, AND MARCINKIEWICZ

BY
E. M. STEIN

1. Introduction. In their work on Fourier series Littlewood and Paley
[5], introduced the function g as follows:

(1.1) 0o = ([ W = )| (e l?dp)m.

®(z) is the function which is analytic in |z| <1, and whose real part has
boundary value f(f). One of their main results is(*):

(A) ”g(f)”p = Ap”f”m 1 <p < .
Accompanying this, they also proved the following “converse” result:
(A%) IAl> = 4:lle®lls, 1<p<w

where it is assumed that

2

f(8)do = 0.

In an earlier study on boundary values of analytic functions, Lusin [6]
introduced the function

1/2
(1.2) S(6)(0) = <ffn N 4)’|2dw> .
(

Here, ©2(0) is a standard “triangular” domain inside the unit circle whose
vertex is at the point #; dw is the Euclidean element of area(?).
Marcinkiewicz and Zygmund [9], proved that

“S(q))”z’ = Ap”cb“m 0<p < .

From this it follows, by a well-known theorem of M. Riesz, that:

(B) IS@|l» < 4/fll» 1<p< oo,

Received by the editors December 22, 1956.

(1) Here, as elsewhere, 4, stands for a general constant, depending on the indicated param-
eter. The constant 4, need not be the same at different occasions.

(%) Marcinkiewicz and Zygmund [9], noted that S is essentially a majorant of g. We refer
the reader to [14 Chapter XIV], for further facts concerning the function S(®).
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Finally, in this connection, Marcinkiewicz [7] introduced the function

u(f):

x| F(x+ Fx—1t) —2F@®) > \?
(.3 u(f)=<fo | P+ + (; ) = 2F(») | dt>

where F(x) = [5f(t)dt.

The function u(f) was introduced in order to give an analogue of the func-
tion g(f), without however going into the interior of the unit circle for its
definition.

Marcinkiewicz conjectured, and Zygmund proved [11], that:

(© [®ll> = 451l 1<p<
and
(C*) Hf“p = AP“I-‘(DH:» 1< p< =

if, fof(6)d6=0.

The literature in question reveals that these results are closely inter-
dependent. Moreover, all proofs given depend, at crucial points, on “complex-
variable” methods.

It is our intention here to attack these problems by the methods of real-
variable theory, and to extend these results to higher dimensions.

It turns out that the real-variable techniques used in the study of the
“Hilbert transform”

(1.4) f(x)=P.V.fwf(x_l-t):f(x_t)dt

are adaptable for our purposes. The motivation for this lies in the fact (1.4)
may be rewritten as:

» (F(x+ ) + F(x — 1) — 2F(x)) i
? '

(1.4%) Fx) = f

It is to be noted that (1.4*) resembles (1.3) in form.

In dealing with generalizations of the functions g, S, and u to higher
dimensions, we are guided by the techniques used by A. P. Calderén and
A. Zygmund(®) in their study of the n-dimensional generalizations of the
Hilbert transform (1.4); connected with this are some earlier ideas of Marcin-
kiewicz(%). We should mention at this point that a generalization of the func-
tion S similar to the one we shall consider had been previously studied by
A. P. Calderén [1] in a different setting.

Another remark concerning the methodology of this paper is in order. The

(3) See especially [2] and [3].
(*) See [7] and [8].
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deeper real-variable discussion is contained principally in Lemmas 7 and 12,
with the aid of Lemmas 1, 2, and 3. These lemmas allow us to prove inequal-
ities analogous to (A), and (C), for 1 <p =2. In the classical situation this is
exactly the point where the complex method was indispensable, especially in
the use of the “Blaschke product” decomposition of analytic functions. Thus,
at this point is contained the main contributions of this paper. The rest of
the inequalities are then deduced—in the classical situation and as they are
here—by methods more properly from the domain of harmonic functions
than analytic functions. Here, our only contribution is to point out how the
classical proofs may be extended to n-dimensions. Whatever difficulties in-
volved here are surmounted by using the theory of singular integrals as the
appropriate substitute for the notion of the conjugate function.

The plan of this paper is as follows: §2 will be devoted to a review of the
basic facts and techniques needed, all of which were previously known. §§3
and 4 will contain the generalizations of the function u of Marcinkiewicz, and
the proof of an inequality analogous to (C). §8§5 and 6 will be devoted to the
extensions of the functions g and S to higher dimensions, and the proofs of
inequalities like (A) and (B). In §7 we turn to the “converse” inequalities,
and establish an appropriate analogue to (A*), and in §8, we discuss analogues
to (C*).

2. Background facts. In what follows, we shall use the following #-dimen-
sional notation. x, ¥, 2, - - - will denote points (vectors) in Euclidean #-
space, E,. In coordinate notation we write x=(x1, x2, - - -, X.); dx denotes
the element of Euclidean n-dimensional volume; |x| denotes the length of
the vector x, i.e. |x| 2=x24x2 - . - +x2; ' denotes the unit vector in the
direction of x, i.e. x’=x/|x| ; 2 is the unit sphere, |x| =1; and dZ is the
Euclidean element of measure on Z.

For any measurable E, let | E| denote its Euclidean-Lebesgue measure.
L,(E,) will denote the class of functions whose pth power is integrable with
respect to Euclidean measure, and for any such function f(x), Hf”,, will denote
(S, £() | pd) 0o,

The following “covering” lemma is basic to the real-variable technique
that follows. It is a generalization of a well-known lemma of F. Riesz in one
dimension; the n-dimensional form that follows is due to A. P. Calderén
and A. Zygmund. We have restated their lemma differently, combining state-
ments found in the proof of several of their lemmas. (The relevant material
is found in [2, pp. 91-94].)

LeEMMA 1. Let f(x) 20, and suppose [g,f(x)dx < =.

Let there be given an s>0. Then there exists an open set E,, and a decomposi-
tion of f(x), f(x) =g(x)+h(x), with the following properties:

) |E.| £ (1/5)[r,f(x)dx.

(2) E, is the union of disjoint open cubes Iy, k=1,2, - - -.
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3) h(x)=f(x), for x€&EE,, and for those x, 0 S h(x) =<s.

“4) Ih(x)l =275, for x€E,.

(5) g(x) =0, for x&E,.

(6) Sr.g(x)dx=0, for each of the open cubes I, whose union is E,.

Proof. The proof is an immediate combination of Lemma 1 of [2], and
the decomposition that follows, made at the top of p. 94.

The following lemma is related to the previous. It is a generalization of
the Hardy-Littlewood “maximal theorem” and F. Riesz’s lemma.

LeMMA 2. Let f(x) EL,(E,), 1=p =< . Define f*(x) to be
1
o

Then if f(x) EL,(E,), 1<p, so is f*(x), and
7@l = 41, 1<p.

Moreover, if f(x) ELi(E,), then f*(x) 1s finite almost everywhere; and if s>0,
then(®):

J IRECEEIE

| {f*@) > s} | = (4/s) “ﬂm.

For a proof see [2] pp. 114-116.

The functions g, S, and u, may be thought of as operators—although as
nonlinear ones. An “interpolation” theorem of Marcinkiewicz is very useful
in this connection.

In quoting the result of Marcinkiewicz—which has been extended by
A. Zygmund ()—we shall not aim at generality. For the sake of simplicity
we shall limit ourselves to the special case that is needed.

Let T be an operator whose domain and range are functions on E,.
Suppose that T satisfies the following two conditions:

2.1) T(f) is defined for every f & L,(E,), 1 =< p.
2.2) | T+ 12| = [T | + | T() |

For a given p, 1 £p < «, we shall say that an operator satisfying the above
conditions is of weak type p, if

(2.3) [l 7f] > s} = (A/sl’)fE | f|dx

for all s, 0<s< e, all fEL,(E,) and some 4 independent of f and s.

(°) The notation | { - - - }| indicates: “the measure of the set.”
(%) See [13], where a proof of the general interpolation theorem is found.
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We shall say that the operator T is of strong type p, if for some fixed p,
1=p:

(2.4 f | Tf |[rdx < A | | f|7dx, f & Ly(E.)
E, E,
where 4 is independent(?) of f.

We are now in a position to state the result of Marcinkiewicz:

LEMMA 3. Let T be an operator which salisfies conditions (2.1) and (2.2).
Given two indices py, and ps, 1 £ py <pe2 < o, suppose that T is simultaneously of
weak type p1, and weak type po.

ConcLusioN: T is of strong type p for each p, pr<p <ps.

The following lemma—due to Calderén and Zygmund—is one of the
principal results in their theory of “singular integrals” which generalize the
one-dimensional “Hilbert transform.” (%)

Let Q(x) be a function for xE E,, which is homogeneous of degree 0, i.e.
depends only on the direction of the vector. Suppose that Q satisfies the
following two conditions:

(2.5) Qs continuous on =, and satisfies there a Lipschitz condition of order
a, 0<a=s1.

(2.6) f Q(x)d= = 0.

LEMMA 4. Let Q satisfy the conditions (2.5) and (2.6) above. If fc(x)
= Jlui>( Q") /| y| f(x—y)dy and f(x) ELy(E.), 1Sp< =, then

(1) li_l}g fe(x) = f(x) exists almost everywhere,
and
©) 17l = A4l 1<p<w,

where A, is independent of f.

3. The Marcinkiewicz integral; case when 1 <p <2. We shall now define
the generalization of the Marcinkiewicz integral (1.3) whose properties we
shall study. As stated previously, this generalization is analogous to the
generalization of the Hilbert-transform given by Calderén and Zygmund
(Lemma 4).

Let Q(x) be a function which is homogeneous of degree 0, and which

(") 1t is easy to check that if T is of strong type p, then it is also of weak type p, and the
constant 4 which appears in (2.3) may be taken to be the constant 4 which appears in (2.4).

(8) Again, we shall not state the results in their most general form. The result of Lemma 4
is proved in [2], and generalizations may be found in [3].
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satisfies conditions (2.5) and (2.6). For any f(x) EL,(E,), 1 =p define F.(x),
by

2y’

3.1 Fy(x) =f| . flx—1) B dy.

We note, in the case n=1, if Q(y") =sign y, then Fi(x) = F(x+¢t)+ F(x—t)
—2F(x), where F(x) = [§f(s)ds. Define now u(f), by

(3.2 st =( [ li‘f?'—zdt)m.

We prove first:
LEMMA S. With Q satisfying the above conditions, and u(f) defined by (3.2),
w()@)de = A | | f(x) |2dx,
E, En
where A is independent of f.

Proof. We note first, that by (3.1), F(x) is for each ¢ the convolution of
f(x) with an integrable function. Thus F,(x) is well defined for any f(x)
&€L,(E,). Now

Jwn@ya= [ [ ”'L‘fj‘ﬁdmx

Y | Fu(x) |2dx
0o B En ‘ ’
by Fubini's theorem.

We shall evaluate [x,| Fi(x)|%dx by Plancherel’s theorem.
Let f(x) = [z,e~*¥f(y)dy be the Fourier transform of f(x)(®). Also let:

Q A
k() =f ey &) dy.
lyl St |y |"_l

Then by Plancherel’s theorem:

61 [

We shall now make the following estimates on k;(x):
(3.2) | ku(x)| < 4| x]|2,
(3.3) | ki(x)| < 4/|=%|,if t=1/|x]|, and n = 3

| P |2 = o [ RECIHEIR

n

(°) The notation x -y denotes the inner product of the vectors x and y.
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and
log (| x| 0\ 1
(3.3%) | kox)] < A<1/| x| +——|l—>, if + = a1 and n = 200,
X X
Now
Q(y’ Q(y’
b= [ e By [ e 2
lulst |y|"_l lylst |3’|n_1
since

Q /
f () dy =0
lylst I y l"—l
by condition (2.6) imposed on €.
Therefore | ki(x)| < fuise| 2| - |y -(4/|3|"Vdy S Al x| finsdy/]y| "2
<A|x|t2 The condition (3.2) is established.

In order to establish (3.3), let us introduce the following notation:
r=|x|, R=|y|, and cos (x', ') =cosine of angle made by vectors x’ and y'.

Then
Q !
b = [ e 200
lylst | y In_l
t
=f f ¢irR c0s "1 Q(y)dRAE
sJ o
e—irt cos ',y — 1
s\ 7 cos («/, 9")
Thus
1 , az
k@) | = —2-sup | 20| | ————7
r 3 | cos (+/, 9 |
< A/r =4/ x|,

since for =3, [3dZ/|cos (x', y')| 4.
This proves (3.3). In order to prove (3.3*) let us call ¢ the angle the vector
v’ makes with the axis y;, and 8 the angle the vector x” makes with the axis ;.
Then proceeding as before, we find that

27 /p—irt cos (0—¢) — 1
k = f (———) Q(¢p)do.
W= | (G ) A

(19) For n=1, Q(x) =signx, and then k(x) =C- (1 —cos xt/x) so that (3.2) and (3.3) hold
in this case.
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Thus, after an elementary change of variable,
+7/2 g—irt sing _ 1
ky(x) = f (———°—> Q0 — ¢ + 7/2)d¢
—x/2 7 SIn ¢
+1r/2(eirt sin¢ __ 1

r sin ¢

) Q0 — ¢ + 37/2)dg.

—r/2
Each of these two integrals may be evaluated in the same manner. Thus

+x/2 e—irt sin¢ __ 1
f (—)9(0—¢+7r/2) d¢

—r/2 r sin ¢

+x/2 —irt sin ¢ __ 1
=f <——) [0 — ¢ + 7/2) — 20 + =/2)do

—x/2 7 sin ¢

+r/2 —irt sin ¢ __ 1
+ Q0 + 7/2) <—————>d¢

—x/2 r sin ¢

= Il + Iz.
Owing to the Lipschitz condition on £,

1 +r/2 Al¢|a
111|§—f . dp < A/r, 0<asl.
rJ_x2 [smq&l

Owing to the fact that(!),
+x/2 eu sin ¢ __ 1
|f ( )d¢| Al +log |s|)if |s| 21
x/2 sin ¢

then | I,| SA(1+log rt) /r, if rt21.

Collecting these estimates we get Ikt(x)l <A1 +logrt)/r, if rt=1, which
proves (3.3%).

Now by (3.1)

dt

2dy = . 29, )"
(s f En'”’“)ld’“ <2>f

- [ lwbe [ S s [ |f<x>|2dxf LppErs

By (3.2), fo/"*!(dt/#%)| ku(x)|2< 4; and by (3.3) or (3.3%)

s
_— X = .
el B

(1) The estimate for f* ””(e‘“““‘d’—l /sin ¢)d¢ is most easily made by breaking up the
interval into | ¢| <1/|s| and a complementary part, where | | >1/|s|
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Thus [, (u(f)*dx <24 s,
proved.
The following lemma is very straightforward.

LEmMMA 6. If F(x) =f|,,|5,f(x—y)(9(y’)/|y|"“l)dy, as above, and f*(x)
=supiso (1/6") fiy1se| f(x =) | dy, then

Jx)|dx=A4"[z,|f(x)|2dx, and Lemma 5 is

sup F®) < Af*(x).
>0
Proof.
F(o)| 1 la(y) | | f(x — 9]
< — ;- ~dy £ (A/¢ —_——d
( ! ¢ ‘flulstlf(vL y)| lyln_l Y ( /) lylst lyln_l Y
=4/ 3 M dy
k=0 gF gy sk | y |
< (A/1) 2.2(k+1)(n—1)f lf(x - ) | dy
PIEL ]

(4/17) 2,2(k+1)(n-1).2—kn.l+n f*(x)

=
k=0

< Af*(x) Z 20D (=1 2=kn = 2 A f* () Z 72—k
k=0 k=0

£ A'fH),

which proves the lemma.

LEMMA 7. Let f(x) ELy(E,). Define u(f) as in (3.2) above. Then u(f) is
finite almost everywhere. Moreover, if s>0, and D, is the set where u(f)(x)>s,
then:

| D,| = (A/s)fE | 7(x) | d.

Proof(1?). Without loss of generality, we shall restrict ourselves to a posi-
tive f(x).

Given s>0, let f(x) =g(x)+h(x) be the decomposition guaranteed by
Lemma 1, and E, the open set given by the lemma, which contains the sup-
port of g(x). According to Lemma 1, k(x) =f(x) for x & E,, and there f(x) <s.
Moreover, | h(x)| £2%s on E,, and | E,| £(1/s) [z, f(x)dx.

Thus

(2) In this proof, we shall use the constants 4, ¢, 8, - - - repeatedly; as before, these con-

stants may be different, at different occasions; their dependence on n (the dimension of the
space) will not be exhibited.
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h(x) |%dx = h(x) |%d h(x) |%d
J, 1watas= [ Luo s+ [ |hco s

ésf
E,—E,

Thus A(x) EL.(E,), and
(3.4) f l h(x) |2dx Scs ) flx)dx.
E E,

n

h(x)dx + 252 | E, | < (1 + 22%)s f f(x)dx.
E,

Similarly, [z,| g(x)|dx = [5,|g(®)|dx £ [e,f@)dx + [&,|h(x)|dx < [e,f(x)dx

+27s| E,| £(1+42") [&,f(x)dx. Thus g(x) EL(E,), and:
(3.9) [ le@larse[ swar
Now let Gi(x) = fii:ig(x—¥)(Q()/| y|)dy, and

Hix) = f. =)@/ | 3]y

Also let:

then F.(x) =G,x)+H,(x); and by Minkowski's inequality:
(3.6) w(f)(2) = pa(®) + pa(x).

Define: A(s) =measure of the set where u(f)(x) >s,

Ai(s) =measure of the set where u;(x)>s,

A2(s) =measure of the set where us(x) >s.
Then, because of (3.6) we have A(s) £N\i(s/2) +N2(s/2). Since we must show
that A(s) = (4/s) [k, f(x)dx, it will be sufficient to show that:

3.7 N(s) = (4)s) f(x)dx, i=1,2,
E,

Consider Ay(s) first. Since k(x) EL:(E,), we may apply Lemma 5; the
result is [z, (u2(x))2dx S A [r,| h(x)| 2dx.

Thus [, (u2(x))2dx <A [r,| h(x)|2dx <A -c-s[e f(x)dx, by (3.4). Now
N2(5)s? S [, (ua(x))?%dx S Acs g, f(x)dx. Thus Ne(s) S (Ac¢/s) [e,f(x)dx, and (3.7)
is proved for 1=2, with constant Ac. (The exact constant is of course im-
material for our purposes.)

We next turn to ui(s).

Now wi(x)=[o(|Gi(x)|2/f)dtSsupiso | Ge(x)/t| 5 (| Gi(x)| /t2)dt. Call
Jz(| Gu(x)| /12)dt = po(x). Thus
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MG = | {u) > s} = | {uf(x) > 52} |

Gt(x)
= Hsup > s}
t>9

However, by Lemma 6, sup;, |G,(x)/t| <Ag*(x). Thus by Lemma 2,
| {supt>o th(x)/tI >s}| é(A/s)f]g(x)[dx and, therefore,

A

+ | {mol@) > s} .

{sup |Gt(x)/l| > s}

= (4/s) | Jf(x)dx,
En

by (3.5).
In order to conclude the estimate N\i(s) < (A4/s) [r,f(x)dx, we need, there-
fore, to show that:

(3.8) | {uo(x) > s} | = (4/9) @y

The proof of (3.8) will take up the rest of the proof of this lemma.

Now, let {7} be the open cubes whose union is E,. Let x* be the center
of Ix, and diy=diameter of I (i.e. the length of longest diagonal); then
dv =8| 1k| 1n,

Let Sk be the open sphere whose center is x*, and whose diameter is 2d;.
Let Ef =Ui—o Sk, and P* the closed set complementary to E¥. Since |E,|
= |ULL| £ (1/s)[e.f(x)dx, and all the I, are disjoint, then |E¥| < (y/s)
- [B.f(x)dx. For any x& P*, let d(x, I) =distance of x from I; we notice that:
a1|x—x’°l =d(x, I) as long as xEP*.

It is now our purpose to prove, that if x& P*, then

(3.9)(9) win) = 4( 2 —Mf“wuy).

P I x — xk |n+a
Now

“ | Gy(x) | = dl UC))
po(x) =f ——— dt =f — f {0 e — dy'-
0 & 0 ! {lz—ylst) | X — yln !

However, g(y) is nonzero only as long as y lies in some I;. Thus,
© dt
ww =[5 8) .
o P =0 1N )z—y st} l x—y l"

= 4y Qx — )
f 8§ ——— dyl-
1N z—y| st} | xr— yl

=2 -
In order to prove (3.9), it is therefore sufficient to show that:

i Qx — )

2

k=0¢ 0 I

(18) The « which appears in (3.9) is the same « which is the order of the Lipschitz condition
imposed on ©, by condition (2.5).
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© df Qx — y)
f TU {60 e iy dyl
o ! (I N|z—yls e | x—y ‘"

| Zi |
gA———'f 18(9) | dy,
Iy

|x —_ xk|n+a

(3.10)

where A is independent of k.
We now break up the left-hand side of (3.10) as follows:

feo dt I fd(x,lk) dt }+fd(x,1k)+dk dt ‘
0 t2 0 t2 d(z,Ik) t2

® dt I

+

d(t-IkH'dk_t_z—
= Ji(x) + Jo(x) + Ji(x).

As far as J; is concerned, we note that the set of y where: y&E I, lx—yl =t,
and t<d(x, Ii), is empty. Thus J;=0. Next consider J,.

d@I+dk gy d@In+de gy I46))
Ja(x) = f = | |
d

.l <4 2 eVl
) 12 ‘ d(z.Iy) eJdr le—y {"_1

Now if y& I, then Ix—-y| =d(x, It).

Thus Jo(x) £ Adi- (d(x, T)) 1| g() | dy.

We noted before that: dk=ﬁ| Ik| Un and d(x, Ik)>a1|x—x’°| . Combining
these we get:

1/n Ik aln
Ii@) S 4 Ik|n+1 ) |g<y>ldy—( 4] ,"'m /. 500 d3),

since ,Ikl”"élx—xkl, if x€P* and 0<a=1. Finally, if t>d(x, I)+d,
then {|x—y| <t} NI,=1I,. Thus

Qx — y)
Jy(x) = f .f 1460 Toz gy dyl-
d(@I)+dy, b yln
However,

f g(y) Tozyt o ;[21 dy =flkg(y)[|z(i_ S ]dy,

yln—l l x — xkln—l

since [1,2(y)dy=0. Now,
Qx — y) o

Ix__yln—-l - |x_xk|n—l

\ 0= —y)  UAx—y)
eyt e e
‘Q(x-y)—ﬂ(x—xk)

| x— ac;,|"~l
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The first absolute value on the right-hand side is less then
|2 =) | |y~ x|
* n
l x = ykl
where y; is some point in I;. Since x & P*, this is less than
A| I | A| I |em
<

lx_xlcln = |x— xkln—u-a ’

)

(n—1)

Moreover,
Al (@—9) — (& —a®) |

| x — xkln—l

lﬂ(x =) — O — )

lx —_ xlc[n—l

because of Lipschitz condition on €.
However, |(x—v) —(x—x*)'| £|I|V"/|x—x*|. Thus combining these

estimates we get

Qx — y) Qx — x¥)

|x_y|n—1—|x__xk |n—-l

U;Lg(y) Q(x_y) y’§M/—n—fE"lg(y)|dy

| x — x¥ In—1+a

A l I, |aln

= | x — xF 1n—l+a

’ 1fx€P*.

Therefore

as long as x&€P*. Thus

ey < LB (f |g<y)|dy)f°° @
= |x _ xkln-—l+a Al 2
A L]
KL f | g(») | dy,

xk I nta

since d(x, Ik)>a1|x—x"|. Combining these estimates for J;, Jo, and J; we
prove (3.10). Thus (3.9) is also demonstrated. Therefore

fp*m’(x)dx = A(;’(f,» ]x—jml | Zi | fz,, lg(y)|dy)>.

dx dx
f ______gf < 4| L]
P* X — xk |n+a Iz—:"[g!!dk | x — xk [n+a

[ mar=aX [ lsoilay=af lstlay=a [ fis.
P k E, Ey

Iy

But,

Thus
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If EX* is the set in P*, where uo(x)>s then,

sl Ef*l §f po(x)dx = A f(x)dx.
P* E,
Hence,

| E| = (4/s) _J@s.

However the complement of P* is E¥, and | E¥| < (v/s)[s.f(x)dx. Thus the
set {mo(x)>s} CEF\UE}, and has measure < (4/s) [f(x)dx. This establishes
(3.8) and concludes the proof of the lemma.

We are now in a position to state the main result of this section.

THEOREM 1. Let f(x) EL,(E,), 1 £p =2, and let u(f) = (f;'(l F.(x)|2/8)dt)1e,
with Fy(x) = [1,1s:f (=) Q') /| y|*Vdy, and with Q satisfying conditions
(2.5) and (2.6) of §2.

THEN: (1) u(f) is finite almost everywhere,

(2) If 1<p =2, then |u()||» S 4,)|fl|» and

(3) If p=1, then the measure of the set where u(f)(x)>s, s>0, is less than
(A4/5)[r,| f(x) | dx.

Proof of the theorem. If f(x) EL,(E,)1=<p=2, write f(x) =fi(x)+fa(x)
where fy(x) =f(x) if |f(x)| £1, and fa(x) =0 otherwise; then fy(x) ELy(E.),
and fi(x) EL\(E,).

However, u(f) Su(fi) +u(f2). u(fe) is finite a.e. by Lemma 5, while u(fi) is
finite a.e. by Lemma 7. Thus (1) is proved. (3), of course, is the content of
Lemma 7.

Finally u(f) is an operator satisfying the conditions of the Marcinkiewicz
Interpolation Theorem (Lemma 3) with p;=1, p,=2. (2) then follows as a
result of the Interpolation Lemma. This concludes the proof of Theorem 1.

4. Marcinkiewicz integral; case when 1 <p < «, for odd kernels. In the
previous section, we established the results for the generalized Marcinkiewicz
integral (when 1 <p=<2) without use of the known one-dimensional case. In
this section we shall take the one-dimensional case for granted, and from it
establish a result holding for an important class of kernels Q, for 1 <p < =,

To be specific, we shall take the following for granted:

LEMMA 8. Let f(x)EL,(— o, +x), 1<p< oo and let F(x)=[5f(t)dt.

DEFINE
B © |F(x+t)+F(x—t)—-2F(ac)|2 12
0 =(f . )"

THEN: [[v(f)l[» S 4Llfll5 1 <p< .
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The periodic analogue of this lemma is due to A. Zygmund [11]. Water-
man [10] has found that Zygmund’s proof extends to the above nonperiodic
case, without essential change. The arguments in either case, however, are
far from simple.

Again, we shall assume that Q(x) is a function which is homogeneous of
degree 0. In place of condition (2.5) we shall assume that

4.1 Q(x') is absolutely integrable on Z.
We shall also make the following added assumption:
4.2) Q(x") is an odd function, i.e. Qx') = —Q(—x’').

From (4.1) and (4.2) it follows immediately that [3Q(x’)dZ =0. This con-
dition was previously assumed.
Our result is then:

THEOREM 2(Y). Assume that Q(x') satisfies conditions (4.1) and (4.2). Let
f(x)eLp(En), 1 <p< o« ,
As before, define Fu(x) = [1512200")/ | y|»~'f(x~)dy, and

s = (7 ‘—F—‘%’“ltdt)m.

Then |[w(l[» S 4,llfll 1<p <o

Proof. The operator u(f) is nonlinear. First we introduce a device which
allows us to “linearize” the problem. Let ¢(x, t) be a function defined for
xEE,, 0<t< », which satisfies the following conditions:

(4.3) ¢(x, t) vanishes if ¢ is small enough, or if ¢ is large enough, and is
bounded.

© x. 1 2
(4.4) f %d:gl, for all x.
0

Let T(f)(x) =[5 Fu(x)¢(x, £)dt/f*. Because of conditions (4.3) and (4.4), and
by Schwarz’s inequality: | Tf(x)| Su(f)(x), and u(f)(x) =supse.n | T (x)],
for all ¢(x, ¢) satisfying (4.3) and (4.4).

Therefore, it will be sufficient to show that

(4.5) IO @ = Al 1<p< o,
where 4, is independent of ¢(x, ¢) and f(x). Now (),

(1) This theorem and its proof are inspired by a similar situation that exists in the general-
ization of the Hilbert transform and which was exploited in [3].

(1) We should point out here that because of the assumptions on ¢(x, ¢), the interchanges
of orders of integration that follow in this proof are all easily justified by Fubini’s theorem.
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(e P@e, 0d [ el 0d )
776 = il e e

Introduce 7 = |y|, and notice that dy = r*'drdZ. Then, T(f)(x)

=[5 @(x, )dt/8) [of (x—y'r)Q(y")drdZ.
However, Q(y') = —Q(—9y’), thus

o(x, £)dt
13

“9 T = N ([ 1= = e+ y)dr) a0y)dz.

Fix the direction y’, and let

vy (f) (%) = fow ¢(73’ ) (fo (flx — 9'r) — p(x + y'r))dr) dt.

Let L be a line in E,, whose direction is parallel to y’. If fi(¢) is the func-
tion f(x) restricted to L, then

ft (flx = y'r) = fx + y'r))dr = F(x + 1) + F(x — 1) — 2F(),

where F(x) = [¢fi(t)dt. Thus using condition (4.4),
v (D@ | = v(fH)@), if x € L.
Thus, by Lemma 8,

f | v (f) () |"dx < A:f | (%) | dz, 1<p< =,
L L
Integrating the above for all lines L whose direction is ¥’, results in

S beo@ras 4 f |0l

Thus,

(4.7) [ (NG5 = 41l
By (4.6), however,

(@) = 2 [ 20 (.

Therefore,

7l = 22, [ |91 2)ll

by Minkowski’s inequality for integrals.
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This is (4.5), and thus Theorem 2 is proved.
5. The functions g and S; case when 1 <p=<2. Let f(x) EL,(E,), 1=p

< «. Define the “Poisson integral” U(f)(x; t), for t >0, of the function f(x), as
follows:

— y)d
U (s 1) = C"‘lf flx — y)dy ’
5.1) E, (l ylz + ) (D2
where ¢, = w“"*""-’«l‘(’-l—_;—-—l)
Then U(f)(x; t) is harmonic in %y, %3, - -+, xa; ¢, £ >0, and limg.o U(S) (x; £)

=f(x) for almost every xEE,, and also in the L, norm.

Moreover || U(f)(x; )| » S [[f@)|l oy 1 £ p,£>0,and | Uf) (x; 8)| S At=17||f]],,
1<p, t>0.

We shall also deal with the so-called “Riesz transforms,” R,(f),i=1, - - -,
n. These are defined by

(5.2) R:i(f)(x) = lim cn'f —I-;—lz;r—l J(x — y)dy.
€0 |y|>e>0

The R;(f) fall under the class of singular integrals covered by Lemma 4.
For f(x)EL,(E,), 1 <p< =, the following identities hold:

] 9 LT
(5.3) Py UR(f))(x;0) = o U(f) (x5 1), />0,
and
9 9
(5.4) — U0 = — 22 — UR(N)(x; 0), t>0.
at i=1 axi

These may be verified by proving them first for f& L:(E,) by the Fourier
transform; and then tending to the limit in L,(E,), by the boundedness of
Ri(f) in L,(*%).

For f(x)EL,(E.), and U(x; t) = U(f)(x; t), we shall define grad U by

dU\? n aU\?
(grad U(x;0))* = <E> + E(ax,) ‘

As a generalization of the g function of Littlewood and Paley we shall
define

© 1/2
(5.3) g(H(x) = <f { grad? U(x; t)dt) .
0

(%) The reader is referred to [4] where the material in the preceding paragraphs is dis-
cussed. The identities (5.3) and (5.4) may be thought of as generalizations of the Cauchy-
Riemann equations.
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The “area integral” of Lusin, (1.2), will be given a similar generalization.
Let W(x) be the set of points in the space (y1, t2, - -+, ¥, £), >0, which
satisfy the condition

{x—S’l =

for some fixed , 0 <n < ». Then W(x) is a “cone” whose vertex is x.
Define S(f)(x) by:

(5.0 s = ([ E T )"

(The dependence of S(f)(x) on the parameter n will be displayed when-
ever necessary.)

We first prove a lemma whose one-dimensional periodic analogue is due
to Marcinkiewicz and Zygmund [9].

LeEmMA 9. g(f) (x) =4,5(f) (x).

Proof. Since S(f)(x) increases as the parameter 5 increases, we shall as-
sume for the purposes of this lemma that 0 <y =<1. Now

0 1 ©
g (f)(x) = f tgrad? U(x;t)dt = f ¢t grad? U(x; t)dt + tgrad? U(x; t)dt
0 0

1
= 11 + 12.
But,

—k

Z l grad? Ul(x; t)dt

< E 27k grad? U(x; r)
k=0
where 7 is a value of ¢ in the interval [27%=1, 2=%] at which grad? U(x; t) at-
tains its maximum.
Since U(x;t) is harmonicin x; « « + x,, ¢, then grad?® U(x; ¢) is subharmonic
there. Thus,

grad® U(x; ne) < 7

|k| Sk

grad? U(y; t)dydt.

Here S; is the sphere in the #-+1 dimensional space y; - - - y,, t whose
center is (x, 7;) and whose diameter is n2=%=1; | Si| denotes the (#+1) dimen-
sional volume of the sphere S;. It is easily observed that S,C W(x). Moreover,
the S, with even & are all disjoint; similarly the S; with odd £ are all dis-
joint.

Now | S| =a-92="-» where a depends only on #.
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Therefore,

grad? U(x;n,) = (1/a~n”)~2"’°+"f grad? U(y; t)didy

Sk

grad? U(y; t)didy

tn—l

= (1/0!'ﬂ")2"’°+"2—(n—1)(k—1>f

Sk
since £=27%1in S;. Hence,

grad® U(y; t)didy

ln—l

> 2kgrad? Ux;r) < (1/a-ngr) - 2201 >

k even k even S
= 4,5°(H ).

Similarly, D oaa 2% grad U2(x; i) £ 4,S%(f) (x).

This proves that I; £4,5%*(f)(x). In proving that I, £ 4,5%(f)(x), we break
up the integral (1, «) into intervals of the form [2f, 2¥*!] and proceed as
before. This completes the proof of Lemma 9.

LemMa 10. If f(x) EL:(E,), then S(f)(x) ELy(E,) and

ISO@Il> = 4flf@ll.
Proof. Let y.(y) be the characteristic function of the set |y’ <nt. Then

SH(f)(x) = f f %(—_yl—) grad® U(x — y; {)dyd!.

If j(x) denotes the Fourier transform of f(x), then by Fubini’s and
Plancherel’s theorems:

© df
s@te= [T [ vy [ G- 33 00
w0 dl .
= 2-(2n)" f e fE"m(y)dy f E"| x[2e1e1t | f(x) [2dx

2 (2m)d,y f Ct f | x|2e251t| J(x) |2dx.
0 n

Since [£,¥:(y)dy = [1y15nt @y =dn"t", where d, is the volume of the unit sphere
in n-space. Thus,

2

f S(f)(x)dx = 2-Q2mn)rd, | | x|?| f() |2dx f Cetel gy

En

= 2-Q2mp)"-dn-1/4 | | J(2) |2dx, because

En
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fwle—ztlxldt = _1_ .
0 4l

Using Plancherel’s theorem again we thus get
S @dz =1/2mdv- [ | 1) [,
E, E,

and the lemma is proved.

LeMMA 11. Let f(x) EL,(E,), 1Sp= », and let U(x; t) be its Poisson in-
tegral, as defined by (5.1). For any fixed n, 0<n < «, let W(x) denote the set of
points y so that |x—y| <nt. Then

t-oU(y;t
sup | L20950] o g o).
Ve W(z) at
Similarly,
t-aU(y; 1)
sup |————

veW(2) 0x;

I\

A, f*(x), i=1.--,n

f*(x) is the “maximal” function defined in Lemma 2.

Proof.

aU(x;0) —(n+1) f i fx — )
= dy.
(ly

Cut-
dx; 2 |2 4 2) w22
Thus
toU(x + 2, ¢ n+1 i — %
l ( )}=< >c,..t2.’f (y: = 29 flx — y)dy
ax; 2 (| y — 3]z + pyoor

A”f |y — 2| [f(x = y) | dy f | yi — 2| |fle — )| dy
msme (|3 =3[ pyosnr wiswme (| y — 22 4+ )z

IA

=Il+12.

Now I, éAtzflyl§2.,t3ntlf(x—y)ldy/(tz)‘"”)/?, since |zl <qut. Thus

nsanye [ (-5l
lyl<2nt

Ao (2n)f*(x) £ Alf*(x).

Now if |y| >2nt, and | 2| <nt, then
Thus LS A8 g1z f(x—y) | dy/

IIA

y—z| > |y|/2 and Iyi—zi §2|yl.

y|**+2. However,
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”f |f<x—y)ldy=pif |f(x = )| dy
Iyl z2nt | y |+ k=0 FHpes g2 g | y |t

ex @ [ = )]y
lyl<2%*® g

k=0

IA

o

2 Z (2F+gt)—n=2. (2k+2pp)n. 4 - f*(x)

k=0

I\

lIA

-2( > 2-2'°+"-2)f*(x) < Auf*(a).

k=0

Collecting these estimates proves that:

t-oU(x + 3;1)
ax;

sup
t>0,|z| <nt

£ A, f*(),

which establishes the second part of the lemma. The estimate for the first
part of the lemma is made along very similar lines.

The following lemma is analogous to Lemma 7. Its proof is closely parallel
with the proof of that lemma, so that we shall be correspondingly brief in
proving Lemma 12.

LeEMMA 12. Let f(x) EL(E.). Define S(f)(x) as in (5.6). Then S(f)(x) s
finite for almost every x EE,. Moreover, if s>0, and D; is the set where S(f)(x)
>s, then

| D.| = (44/s) ) | 7(x) | da.

Proof. Assume f(x) =20. Given s>0, let f(x) =g(x)+~(x) be the decom-
position given by Lemma 1, and E, the corresponding open set which con-
tains the support of g(x). As in Lemma 7

f | A(x) |2dx = csf f(x)dx, and f | g@) | dx < ¢ | f(x)da.
E, E, E, En

Let U(x; t), V(x;t) and W(x; t) be the Poisson integrals of f(x), g(x), and k(x)
respectively. Write

T(x) = (ffw(x) (gradﬂI‘/—(ly, t))2 > /2

and
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R(x) = (ffw(,) (gradtlji(y,t)ydd ) 2'

Since U(x; t) = V(x; t)+W(x; t), then S(f)(x) £ T(x) +R(x). If N(s) de-
notes the measure of the set where S(f)(x) >s, M(s) the measure of the set
where T'(x)>s, and N2(s) the measure of the set where R(x)>s, then

A(S) = Mi(s/2) + Na(s/2).

As in the proof of Lemma 7,
Ao(s) = (44/5) | f(w)dx,
En

since [, R2(x)dx < A,[| h(x)|2dx < Ayc-s- [&,f(x)dx, by Lemma 10.
It is therefore sufficient to show that

5.7 M(s) = (4,/s) | f(x)dx.

However

d? V(y;t
T*(x) =ff i z (1—)dd
W(I) n—1

dV(y;t
s Sup |"gradV(x+Z;1)|ffW @—Tn(ﬁldm
(z)

t>0,|zj <t

Call,

dV(y;t
f f lerdVGid] L 1.
W (z) "

Then by Lemma 11,
T*(x) = Agg*(x)To().

However, the set where T2(x) > s?, is included in the union of the set where
A.g*(x)>s, and the set where To(x) >s. But by Lemma 2, the first set has
measure less than (4,/5)- [z, g(x)| dx < (4,/s)-c[&,f(x)dx.

Thus, if Ao(s) denotes the measure of the set where To(x)>s, we must
show that

(5.8) Mo(s) = (da/s) | fla)da.
E,

As before, I are the open cubes whose union is E,. We denote by x* the
center of I}, and Si the open sphere whose center is x* and whose diameter is
twice the diameter of I.. If E¥=US, then |E¥| <(v/s)[e.f(x)dx. We let
P*=complement of EF.
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In analogy with Lemma 7, it is now our purpose to show that if x&P*

(5.9 zuwéA(i(ththlawwﬁ

k=1

For this purpose, it is clearly sufficient to establish

fow dtflzm, A”;( | I |V k|n_ f [g(y)ldy)

5.10

( ) fori=1,2,--.n,
“© dt av DAL

(5.10*)f ——f dz < A ( f g(y) dy)
0 i L2l s nt ot ; xk|n+l \ yl

whenever x&EP*,

Let us first deal with (5.10), keeping in mind that g(x) is nonzero only on
each Ik.

© di 9
L l—"xfgz]gnt dux;
f°° ﬂf ”f 8 (i + 20 — 33)
o 1" aen (|x+z—y|24 pyoror

*© dl had i A
R R L |
o "W piene k=11 1y (|

dy
x4z — ylz + l2)(n+s)/2
It will therefore be sufficient to show that

5,(r+ z; 1) |d

II/\

and

l/\

dy|dz

A

T g (x4 20 — 94)
— dz dy
(5.11) o I s Ty (|x + 3z — y|2+t2)(n+3)/2
| < 4 |Ikl”" fl()|d
= ,’. xkln+1 g 3’ )’
Now

g (xi + 2 — )
I (I x4z — y[2 + )2 y

(x: + 20 — 33) (% + 2 — x’;)
faw[ - : iy,
(|x4+z—yl2+ o)y (o4 z— k|24 2)mton

since [1,g(y)dy =0.
A straightforward calculation shows that if xEP*, y&I, t=(1/29)
|x—x*|, and | 2| =nt, then
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5= (x: + 2. — ) _ (%: + 2: — x’:)
(a4 z—yPE e (x4 g — ab|2 2t
I, |ln
<, Bl
| r — X 1n+3
While if x€P*, yE1,, |x—x*| S2qt and |z| Snt, then
I, |t
5 <, 1B

{3

Thus,

'[:) tn—* fz]s'qt

g (xi + 2 — 32)
n(lz+z—y|2+p)atanr

 dl
éf _lf dz-6- lg(y)ldy>
o " lzlsnt T
iz)la—okl gy
=f n_l'f dZ'ﬁ'f | e(y) | dy
0 ! lzlsat Iy

® dt
+ k n—lf dz-8- f I g(y) | dy
(1/20)|z—a*| Izl snt I
(1/2n) |z—2k| . llkl””
<Cf (n)” f | g(y) | dy

dy}

k1n+3
® dt |[k|
+C . f ;
’ (1/2n)lz—zb| 1771 nt3 lg(y)l y
| I |vm
= C" I |n+l f | e | dy.

Thus (5.11) is demonstrated. This immediately implies (5.10). Using very
similar estimates we can prove (5.10*). Together these imply (5.9).
Because of (5.9), and arguing as in Lemma 7,

f To(x)dx = A, f(x)dx.
Pr* E,

Thus if E¥* is the subset of P* where To(x)>s, then s| E¥*| < [p+ To(x)dx
<A,[r f(x)dx. Therefore IE**I <(4,/s)[r,f(x)dx. However the complement
of P* is Ef, and | E¥| <(y/s)/[&.f(x)dx. This implies that the measure of
the set where T,(x) >s is less than ((4,+7)/s) [e,f(x)dx.

With this (5.8) is demonstrated, and the proof of the lemma is concluded.

THEOREM 3. Let f(x) EL(E,) 15p=2. Let 0<n< o, 7 fixed, and let
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S(f)(x) be defined by (5.6). Then (1) S(f)(x) is finite almost everywhere; (2)
“S(f)(x)“,,éA,,,v“f(x)”,, if 1<p=2 and (3) if fFEL(E,), then the measure
of the set where S(f)(x)>s, s>0, is less than

(/) | | f(x) | da.

Proof. If f(x)EL,(E.), write f(x)=fi(x)4+fo(x) where fo(x)=f(x) if
|f(x)| =1, fa(x) =0 otherwise. Then fi(x) ELy(E,), and fi(x) E Li(E,). How-
ever, S(f)(x) £S(f1)(x)+S(f2)(x). S(f2)(x) is finite almost everywhere by
Lemma 10, and S(fi)(x) is finite almost everywhere by Lemma 12. This
proves (1). (3) is contained in the statement of Lemma 12.

S(f) is an operator satisfying the conditions of Lemma 3 with p,=2,
p1=1. Thus as a result of Lemma 3, “S(f)”,,éAp,,,”f“p if 1 <p<2. Combining
this with Lemma 10, concludes the proof of the theorem.

COROLLARY. If f(x) EL,(E,), 1=Sp =2, and g(f) is the operator defined by
(5.5), then the conclusions of Theorem 3 hold with S(f)(x) replaced by g(f)(x).

Proof. The corollary follows from Theorem 3 by applying LLemma 9.
6. The functions g and S; case when 2<p < .

LEMMA 13. Let f(x)EL,(E,), 1Sp= =, and let U(x; t) be its Poisson
integral as defined by (5.1). Then supsso | Ulx; t)l S Af*(x), where f*(x) 1s the
“maximal” function defined in Lemma 2.

Proof.
U(x; 1) = c,,lf fx— 9 dy = c"[f f(“ - )
o (3 + Byoms e (3l £ moron
+c”.t.f ]j(x—y) y
e (| ylz + 22
Thus,

| U@, 0| = A’_"'f | fGx = )| dv + A'1~f Gl d

lulst lyl>t \ylnﬂ

The first integral is majorized by Af*(x). In order to complete the proof
of the lemma we consider the following:

zf If(x_y)|dy=t~2f =1,
wse |yt im0 ok ety |y [t

< 3okt f | f(x — 9)| dy
2* D > 1y

k=0

< Z 7127k D QG Dn n . fR () < Af*(x).

k=10
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Thus the lemma is proved.

THEOREM 4. Let f(x) EL,(E,), 1<p< 0, choose a fixedn, 0< n< =, and
let S(f)(x) be defined by (5.6). Then ”S(f)(x)”,,§A,,,,,”f(x)“,,, if1<p< oo,

Proof(17). Assume first that p=4. Let ¢ be the index conjugate to p/2,
ie. 1/¢+2/p=1; thus 1<¢=2. Then,

(f ) (S(f)*(x))»“dx)m

= sup ) S @

Il

INGIG)S

taken over the class of all ¢(x), so that ¢(x) 20, ¢(x) is indefinitely differen-
tiable and has compact support, and

(¢(x))%dx < 1.

En

Now define J by
6.1) J= | S(N@e)ds.
En

Thus J=[[[grad? U(y; t)(x—y)/t"'¢(x)dydtdx, where ¥.(y) is the char-
acteristic function of the set |y| <nut. Let P(y; t) denote the kernel of the
Poisson integral (5.1),

Cn-l-
(| ylz + 12) (D12 '
Then if |y| <nt, P(y; t) 2t-"/A,. Thus,

P(y; 1) =

J = A,,fff grad U%(y; t) P(x — y; H)¢(x)dxdytds;
and if V(x;¢) is the Poisson integral of ¢(x), then
J = A.,ff grad® U(y; H)V(y; t)ididy.

If A denotes the Laplace operator

then a simple calculation yields that,

(*7) The proof of this theorem is an extension of an argument found in [12].
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(6.2) 2 grad® U(x; t) = A(U%(x; ¢)).

Moreover, if a(x;, t), b(x; ¢) denote arbitrary twice differentiable functions,
we easily verify that

(6.3)(®) A(ab) = aA() + bA(a) + 2ab. + 2 Z‘, ,bs,.

Let now 0 < e<L< «, and define J.,; by

L
(6.4) Jer = f dyf tdt grad® U(y; HV(y; b).
E, €

Apply formula (6.3) where a=U?(y; t), b=V (y; t) to (6.4). Then since
A(V(x; t))=0, and A(U%(x; ¢£)) =2 grad? U(x; t), (by (6.2)), we have:

1 L L
Jer = —f dyf IdIA(U?V) — Zf dyf Wt U, v,
—sz dyf [dtU Uy, Vy,

_—‘[1+12+1383y.

[l 52 ay [ @l vesoveiovisnla
E, 0

IIA

A ro f 0 Udy; OVly; )| de < 4 f F0)eD )e) (3)dy.
En 0 En

The next-to-the last step is by Lemma 13, and the last step is by Schwarz’s
inequality. However,

[ rosnos@ o

En 1/p 1/p 1/q
= ([ arorn) ([ enors) ([ sworw)

by Hélder’s inequality, since 2/p+1/¢=1.
By Theorem 3, Corollary, we have,

1/q
( f (g(¢)(y))qdy> < 4l4ll. = 4,

since 1 <g<2. Moreover, by Lemma 9, g(f)(y) £4,S(f)(y); and by Lemma 2,

(18) In this context, letter subscripts denote partial differentiation.
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( [ <f*<y)>rdy)”"§ A,,( [ f(y)lrdy)”".

Combining these estimates we get,

(6.5) | 1. = 4,AlISO)l
Similarly,
(6.6) | 15| = 4,18l

Now,

1 L 1 L g2
L=— f dy f sy = — [ ay f D)
2 E, € 2 E, 6!2

€

1 = L 62
+ =2 tat f — (U(y; )V (y; 1)dy.
2 B, 9y

=1 ¢ i

We notice first that: [£,(92/8v;) (U%(y;t) V(v;t))dy =0. Moreover, by integrat-
ing by parts:

L j2 L
f Lo (U OV (55 0) = 2tU(y;t)Uz(y;t)V(3’§t):|

€

L L

— Uy )V (s t)] .

€

Uy OVl ) ]

€

Thus using Lemmas 11 and 13, we see that,

L 2
’f tgt_?(U2(y;l)V(y;l))dl’ = A(/* ()% (),

so that

1l 5 4 [ romeiy s a [ o) ([ @)

by Lemma 2. Hence,
6.7) || = 4l

The estimates (6.5), (6.6), and (6.7) provide an estimate for J.,z, (6.4),
and thus for J (6.1).
Therefore,

ISOll5 = Andllflls + AasllSOUA o



458 E. M. STEIN {July

and thus

(6.8) ISDOll» = Aaillflle if p = 4.

Because of (6.8) the operation is of weak type p, for every p=4. By
Lemma 12 it is also of weak type 1. Therefore using the interpolation lemma
(Lemma 3), we have

HS(f)”p = A,,,p”pr, ifl1<p< oo,

which proves the theorem.

THEOREM 5. Let f(x) EL,(E,), 1 <p< «, and let g(f)(x) be defined by (5.5).
Then ||g(f) ()||» S 4]l f@)]|5 1<p < .

Proof. The theorem follows directly from Theorem 4 and Lemma 9.
7. Converse inequalities for g and S. The following lemma is along very
classical lines.

LemmaA 14. Let U(x; t) be harmonic in x1, X3, * * +, X, ¢, t>0. Suppose
that U(x; £)—0 uniformly in x, as t— =, and that [g,| U(x; t)ll’dxéA, for
t>0,1<p< o, with A independent of t. Then U(x; t) is the Poisson integral of
a function f(x), and f(x) EL,(E,).

Procf. Since [&,| U(x; 1/k)| rdx< oo, k=1,2, - -, then by a well-known
property of weak compactness in L,, 1 <p< o, there exists a subsequence
{l/ki} so that U(x; 1/k;) converges weakly in L,(E,). Let f(x) denote this
weak limit. Further, let U’(x; ¢) be the Poisson integral of f(x), and Vi, (x; t)
be the Poisson integral of U(x; 1/k;).

Then Vi,(x; £) — U(x; (1/ks)4t) is harmonic for >0 and tends to zero
as t—0, and t— .

Thus U(x; (1/k;)+¢) = Vi (x; t), and U(x; 1/k;+1) is the Poisson integral
of U(x; 1/k;). However since U(x; 1/k;)—f(x) weakly in L,, then U(x;
(1/k:)+8)—>U'(x; t) for every x, if t>0. Thus U(x; t) = U'(x; t), and therefore
U(x; t) is the Poisson integral of f(x), which proves the lemma.

The following is the basic lemma of this section:

LEMMA 15. Let U(x;t) be harmonic in xy « - -+ xa, $,E>0; assume U(x; t)
tends to 0 uniformly in x as t— . DEFINE:

© aU ,t 2 1/2
gT(U><x)=(f :( f; )>dt> .

Suppose that g.(U)(x) is finite for almost every x S E, and is in the class L,(E,),
1<p< », ConcLusiONs: (1) U(x; ¢t) is the Poisson integral of a function f(x),
&) ELL(EL). ) lf)|lsS4,)|g-(U)|| 5, where A, is independent of U(x; £).

Proof. CAsE I. Assume that U(x; ¢) is the Poisson integral of a continuous
function f(x) which vanishes outside a bounded set. In this case the first
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conclusion of the lemma is certainly satisfied.

Define k(x), by h(x) =|f(x)| > sign (f(x)). Thus k(x) is also continuous,
and vanishes outside a bounded set. Let U(x; t) and V(x; t) denote the Pois-
son integrals of f(x) and A(x) respectively. We note that there exists a con-
stant k so that the following are true:

[f@)| <k | h)| <&, | Ux; 1) | dx < B,

En

aU
f | V(x;1) | dx < k, and, {l—(x;l)
E, ot

1%
< &k tg(x; t)‘ <k, for t >0.

The last two follow easily from Lemma 11. We also notice both U(x; ¢) and
V(x; t) tend to zero uniformly in x, as t— o, and that U(x; t) and V(x; ¢)
tend uniformly to f(x) and A(x) respectively as t—0. We add a last pre-
liminary observation: {(dU/dt)(x; t) tends uniformly to zero as t—0. In
fact, write f(x)=fi(x)+f2(x), where fi(x) is sufficiently differentiable and
|f2(x)] <e.

If Ui(x; t) are the Poisson integrals of fi(x) i=1, 2, then |¢(dU/d¢)(x; t)l
<|4(dU,/d8)(x;t)| + A€, by Lemma 11,

However, by the smoothness of fi(x) it is easily verified that |£(dU,/dt)
-(x; t)l——>0 uniformly in x, as £—0. Thus choosing € appropriately we con-
clude that It(aU/at)(x; t)[—>0 uniformly as t—0. A similar conclusion, of
course, holds for 't(a V/at) (x; t)[.

Now, an integration by parts establishes, if 0<e<L,

(7.1) th[U(x; DV (x5 O)]udt = ([U@; )V (;0]de — Ul OV (;0)]c .

By the observations which have been made in the above paragraphs, we
can rewrite (7.1) as

L
(1.2) [ 10 v 0l = 1) + 1@ + T3,
where [z,| J(x)|dx—0 as e—0, and [u, Ji(x)| dx—0 as L— .

Integrate (7.2) with respect to x and reverse the order of integration;
then,

f Ltdt [U@; )V (%5 ) ]0dx = f f(®)h(x)dx + Je(x)dx
(1.3) ¢ En E. E,
+ | Ji(x)dx.

E,

However,
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[U@x; )V (x5 )] ed

E,

= f [Unlx; OV (2 8) + 20250V (x5 8) + Ux; OV (s t) |dx,

n

while since U(x; t) and V(x; t) are Poisson integrals of functions in Ly(E,)
it is easily verified by Plancherel’s formula that

Uu(x; )V (x;)dx = U(x; OV u(x;8)dx =f Uia; )V i(x;t)dx.
E, E, Ey

Thus
L ’
4f f tU(x; OV (x; Hdtdx = f f(x)h(x)dx -I—f J(x)dx + Jo(x)dx.
E, Y e E, E, E,
Letting €—0, and L— » in the above, and using Schwarz’s inequality we get
(7.4) 4 (N (x)dx = | f(x)h(x)dx =f | f(x) |da.
E, E, E,

Here g.(f)(x) = (Jot(dU(x; )/0t)%dt) V2, and g, (k) (x) = ([gt(dV (x; £)/t)*dt)"/2.
Using Hélder’s inequality in (7.4) again we get, 4|]g,(f) (x)“,,”g,.(h) )| »
> [5,|f| 7dx where 1/p+1/p"=1.
However, ||g.(h)(x)||,» €A ,||k(x)||,, by Theorem 4. While

(S, 1wy = (f 11 ae)” = el

Thus 4/|g.() (®)|[,4, [[f@)]2*2][f()]]2, and thus
17@ll» £ 1/44,)]le-(N) )]

Therefore the lemma is proved in this case.

Casg II. Assume that U(x; t) is the Poisson integral of a function
f(x) ELy(En).

Let fi(x) be a sequence of continuous functions vanishing outside bounded
sets so that: Hf(x) —fk(x)||,,-—>0.

Then by Case I

(7.5) 1@, £ 4l @)
we claim that:
(7.6) | 2.(f)(®) — &.(N@) | = g — NH().

In fact, by Minkowski’s inequality: g.(a+8)(x) = g.(a) (x) +g.(B) (x), for any
two functions a(x), B8(x) EL,(E,). Letting a=f(x) —fr(x) and B=fi(x), we
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get g:(f) () — g:(fx) (x) =g-(f—fi) (). Letting o =f(x) —f(x), B=F(x), we get
gr(f) (@) — &:(N@) = g(fe = N@) = &:(f = f) ().

Thus (7.6) is proved. By Theorem 4, however, since “ Sr(x) — f(x)”,,—»O, then
”g,(f,c —f)(x)”,,—»O. Therefore combining (7.5) and (7.6) proves ”f(x)”,,
éApHg,(f)(x)H,,, and Case II is disposed of.

Cask II1. The general case. We notice that if 0 <e<L < 0, then

U (x; £) ) dl_S_(f L(aU(x; t)>2dt>l/2. L
ot ‘ at

L 79U (x; t)\?
< vz, f t(—-————) dt < 2LV (U)(x) € Ly(E,).

wam—vumlgf

at

Thus if € and L are fixed, and f(x) =f,(x) = U(x, L)— U(x, €), then f(x)
€L,(E,). Let U'(x; t) be the Poisson integral of f(x). Then U’(x; ¢)— [U(x;
L+1)—U(x; e+t)] is harmonic in #; - - - x,, >0, and tends to zero as t—0
and t—  uniformly in x. Hence U’(x; t) — [U(x; L+t) — U(x; e+¢)] =0, and

Ux; ) =U(x; L+ 1) — Ux; e + 0), if £ > 0.

However,
e
© 9U(x; L + )\? © U (x; € + £)\?
o[ (e [ ()
o oU ; 2 00 oU ; 2
2fL (t—L)( f; t))dt+2f (t—e)( g l))dt
< 41 (U) ().

Thus |lg.(U") (%)||»=2||2.(U) (%)||» < ©, and we may apply Case II to the
function U’(x;t) which is the Poisson integral of f(x). Therefore

1A

fIWWMéﬂf | (V) (@) |"d

n

or

fE | U(x;0) — U; L) |" < 45°2° | | g0 (@) ['d

En

where 4, is independent of U, ¢, and L.

Now since U(x; L)—0 uniformly in x as L— « then
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j | U(x; e |pdx =< A:Z"-f | 2:(U)(x) Ipdx, for any N.
|zl sN

Therefore, [x,| U(x; €)|7dx<A%-27[] g,(U)(x)|7dx for any ¢>0. Hence by
Lemma 14, U(x; t) is the Poisson integral of a function f(x)&EL,(E,), and
[f@l,=limeo (Jz,| Ulx; €] rdx)vir.

Thus Hf(x)“,,éZAp”g,( U) (x)”,,, which concludes the proof of the lemma.

THEOREM 6. Let U(x; t) be harmonic in x1, Xa, + + + , Xu, £, £ >0 and suppose
that U(x; t)—>0 uniformly in x as t— .

Let(*®) g(U)(x) =(Jo"t grad® U(x; t)dt)"/2.

Suppose that g(U)(x) is finite almost everywhere for x€ E,, and that g(U)(x)
is in the class L(E,), 1 <p < . Then we may conclude

(1) Ulx; t) is the Poisson integral of a function f(x)EL,(E,) and (2)
llf )|l = 4, lle(U) (%)|], where A, is independent of U(x; t).

Proof. The theorem is an immediate consequence of Lemma 15, when
we notice that g.(U)(x) £g(U)(x).

TuroreM 7. Let U(x; t) be a harmonic function in xy, X2, - + +, Xn, £, £>0,
and suppose that U(x; t)—>0 uniformly in x ast—oc. Let

1/2
S (x) = ( [ (g U(y;o/tn—l)dydt) ,
W (z)

where W(x) is the “cone” |y—x| Sqt, 0<n< =, fixed.

Suppose S(U)(x) is finite almost everywhere in x EE, and S(U)(x) EL,(E,).
Then if 1<p< o,

(1) U(x; t) is the Poisson integral of a function f(x)EL,(E,), and

@) f@)l» = 45l SO )],

Proof. The proof of this theorem follows from Theorem 6 and the fact
that g(U)(x) £4,S(U)(x).

This was proved in Lemma 9 when U(x; ¢) is the Poisson integral of a
function in L,, 1 £p < ». The proof holds without change in the more general
situation, and we shall therefore not give it.

8. Converse inequalities for u. It is our purpose to deal with an inequality
of the form

(8'1) ”pr = AP””’(f)Hm 1< p < o,
where

» | F, 2 1/2 Qv

° £ lylst |y|" 1

with the kernel @ satisfying conditions (2.5) and (2.6).
(19) As before, grad? U(x; £) = (0 U(x; £)/08)2+ 27, (@U(x; £)/dx:)%
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These two conditions alone are not sufficient to guarantee the validity
of (8.1)(%%). Instead of trying to treat the general problem of the validity
of (8.1), we shall restrict our attention to a special case which may have some
interest.

Define the family of kernels Q;(y) as follows

Vi .
Q,'(y)—_-m) z=1,2,--~n.

Define Fi(x) by

s Q;
Fy(x) = fl &) flx — y)dy,

—1
ylst | y l"

and

vi(f) (%) = ( fo i Mdt)m,

t3
also
WD) = 3 v ).

The kernels Q,(y) are odd functions, and thus satisfy the conditions of
Theorem 2. Therefore,

(8.2) D@l = A1l 1<p< =,
We shall prove:
THEOREM 8. Let f(x) EL,(E,), then
l@ll» = 4@l 1<p< =

Proof. We first introduce the following weaker forms of the Littlewood-
Paley g function:

© U ; 2 1/2
(8.3) e = (f z(a a(: ’)) dt) . i=1,2, -
and
(8.4) L@ = 3 80 @.

=1
‘Theorem 8 will then be a consequence of the following two lemmas(2!):

(2%) It would of course be assumed that £ is not identically zero.
(*') The one-dimensional periodic analogues of Lemmas 16 and 17 are due to A. Zygmund

[11].



464

E. M. STEIN [July
LeEmMA 16. g;,(f)(x) £ Avi(f) (x), 2=1, 2, - - -, n where A is a constant inde-
pendent of f(x).
LeEMMA 17. Let f(x) EL,(E,), then
If@ll» = 4:llgz() @), 1<p< o
Proof of Lemma 16. Using formula (5.1) we see that
1 18U _ | 9] 2:0)/(x — )
(n+1) ¢co O £, (| y[z + 2) (/2

where Q:(y) =v./|y|. Let | y| =7, then

lylaoye—-—y
sz

© rrdr
L (Jylr yeror dy = tfo (fzf(x — 7)2(y)d 2) 4+ Byt

Here, 2 is the unit sphere in the n-dimensional space of y. Now by integrating
by parts with respect to r we obtain

( f ”‘( f S = ) dz) iy

3 (r2 + l2) (n+3)/2
(83) /e . . P . €n
- f FUWK s + i) oo — PO oo
where F{(x) = fiy1sf(x —3)Q:(3)/ | y| "~*dy, and
ns"“ sntl
K(s,t) = —————— — (n+ 3)

(s2 + 12) w0212 (s2+ @)tz

Now if £>0, the last two terms in (8.5) tend to zero for almost every x,
as €—0(2%). Thus (8.5) becomes

1 1 aU(x;¢) ® g
(8.6) — . 1)~;~ o = lfo Fo(x)K(s, t)ds.

Now for K(s, t) we make the following obvious estimates:
| K(s,0)| = 4/1,
| K(s, )| < A/st,

ifs ¢

ifs =1
Thus,

AU (x; e “ | Fo(x)| d
’ (x,)’§A[_3f |Fa(x)|ds-|—Atf l_iai)_—i__s
ox; 0 ¢

S4
Using Schwarz’s inequality, we obtain

(22) In fact, by Lemma 6 | e—‘Fe(x)[ is bounded in e, for almost every x.
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; <6U(ac;t)>2
ax,-
Eooi e ¢ 22 ° |F:(x)|2 © ds
< 2A2r6-tf IF,(x)Idsf ds + 24t -zf —ds(f —)
0 0 t st ¢ st
_ ¢ : © F: %) |2
< A'(t ‘f lF,(x)|2d3+f L (4)1 ds).
0 t S

Integrating with respect to ¢, and inverting the order of integration we ob-
tain:

© aU ,t 2 0 dt t © © F: 2
f t( (= )>dt§A’f —f |F:(x)|2ds+A’f dtf 1E@E
0 dx; 0o Jy 0 ¢ st
7 2
°  dt = | Fl .
A'f | Fi(x) |2(f ———)ds—l— A’-f ﬂ(f dt)ds
8 s 14 0 S4 0
T 2
© | F.
Af IRECIIN
0 s
Thus g(f) (x) S 4¥:(f)(x), and Lemma 16 is proved.

Proof of Lemma 17. Let R,(-) denote the “Riesz-transforms” defined by
(5.2), and let fi(x) = Ri(f)(x). Then the following identity holds

IIA

IA

(8.7) 3 R(I@) = — [

=1

The above is proved in [4] when f(x) ELs(E.) by means of the Fourier
transform. (8.7) may then be established for any f&EL,(E,) by using the
boundedness of the transformations R;(f), for f&L,(E,), (Lemma 4). Because
of (5.3)

g (f)(x) = gr(f)(=),
where g,.(f)(x) = (Jo't(dU(x; t)/d¢t)%dt)'*2, and hence by Lemma 15,
(8.8) [£:@ll> = 45l (@ < 4:]lg2(N @ 1<p< .
However, (8.7) and Lemma 4 imply that:

.9 7@l = 4 3 ol 1<p <,

Thus combining (8.8), and (8.9) we obtain
l7@l» = Asllgr() @5, 1<p< .
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This proves Lemma 17, and thus Theorem 8.
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